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ABSTRACT

We calculate the shape and the velocity of a bubble rising in an infinitely large and closed Hele-Shaw cell using Park and Homsy’s boundary
condition, which accounts for the change of the three dimensional structure in the perimeter zone. We first formulate the problem in the form
of a variational problem and discuss the shape change assuming that the bubble takes an elliptic shape. We calculate the shape and the velocity
of the bubble as a function of the bubble size, the gap distance, and the inclination angle of the cell. We show that the bubble is flattened as it

rises. This result is in agreement with experiments for large Hele—Shaw cells.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0016080

. INTRODUCTION

Motion of a bubble moving in a Hele-Shaw cell under grav-
ity is a classical problem first discussed by Taylor and Saffman,’ yet
there remains an unsolved problem. To make the discussion clear,
we restrict ourselves to the problem of an isolated bubble rising
under gravity in a closed and infinitely large Hele-Shaw cell. The
problem is how the shape of the rising bubble is determined.

Taylor and Saffman’ showed that the set of equations determin-
ing the shape and the velocity of the bubble in the steady state can
be solved analytically if the effect of surface tension is ignored. They
also showed that there are an infinite number of such solutions, and
further condition is needed to determine the shape uniquely. They
made a conjecture that determines the unique solution observed in
experiments, but they could not justify the physical or mathematical
origin of the conjecture.

Twenty seven years later, Tanveer” showed that the degener-
acy of the Taylor-Saffman solution is removed if the surface tension
is accounted for, but there still remain multiple branches of exact

solutions.” Furthermore, many other solutions have been found in
recent years."

Experimentally, the multiplicity of the solutions is puzzling. It
has been observed that if the rising velocity U is small, the bub-
ble takes a circular shape, and with increasing velocity, the bubble
deforms to ellipse and cambered ellipse.” Kopf-Sill and Homsy"
studied the bubble shape when various parameters, such as rising
speed, bubble size, and liquid viscosity, are varied. They have shown
that for a bubble rising in a large cell, the bubble shape changes from
circle to flattened ellipse (with the long axis perpendicular to the
moving direction), but no theory has been given to explain such a

shape change.
Recently, the rising bubble has been studied both theoretically
and experimentally and also by simulation.” " Theories have been

given for the rising velocity of a bubble of given shape,”'® but no
theories have been given to predict the shape of the bubble as far as
we know.

The lack of the theory predicting the bubble shape is related
to the fact, first shown by Tanveer,” that perturbative calculation
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cannot be performed for the shape change of the bubble. One expects
that when a bubble starts to move, it changes the shape from circular
to elliptic. Tanveer, however, has shown that the circular solution
is an isolated solution, which is always valid, and other solutions
cannot be obtained by the perturbation method.

There is another difficulty in calculating the bubble shape. The
bubble shape we are talking about is the shape of the perimeter in the
2D plane parallel to the cell wall. However, the perimeter of the bub-
ble in the Hele-Shaw cell is not a line, but a region having a length
of the order of the gap thickness. The 3D structure of this region
influences the 2D shape of the bubble.”'® In the classical works of
Tayler-Saffman and Tanveer, the interfacial region was regarded as
a line across which the pressure changes discontinuously. The dis-
continuity in the pressure is given by the air/fluid surface tension
times twice of the mean curvature of the interface, i.e., the average of
the curvature in the plane perpendicular to the cell wall and that in
the plane parallel to the cell wall. Taylor and Saffman conducted the
analysis assuming that the first curvature is dominant and is con-
stant." This assumption becomes equivalent to setting the surface
tension to zero in the present problem. Tanveer took into account of
the effect of the second curvature, but this was not enough since the
first curvature also changes when the interface is moving, as it was
first shown by Bretherton.'” Taylor and Saffman discussed this effect
in their classical work"'” but did not develop a theory for it. Park and
Homsy considered this effect and derived a new boundary condi-
tion for the perimeter."” Their boundary condition makes the prob-
lem non-linear and thus difficult to handle analytically. Accordingly,
their boundary condition has not been used in previous studies apart
from numerical simulations.'®

In this paper, we shall calculate the deformation of a rising bub-
ble using Park-Homsy’s boundary condition. We take an approach
different from the previous ones. We first show that the set of equa-
tions to be solved can be derived by a minimization of a certain
functional for the shape change of the bubble and then determine
the shape assuming an elliptical shape of the bubble. This approach
is not exact, but it allows us to have an analytical expression for
the shape and the velocity of the bubble as a function of various
experimental parameters. The same approach has been used in many
other problems.”’*’

air bubble

front view
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The structure of this paper is as follows: In Sec. 11, we review the
boundary condition by Park and Homsy and state the problem in the
form of a variational problem. In Sec. III, we consider the motion
of a bubble in a Hele-Shaw cell and derive a reduced model using
the variational principle. In Sec. IV, we analyze the reduced model
and discuss the shape and the velocity of the bubble as a function of
various physical parameters. Finally, we conclude briefly in Sec. V.

Il. VARIATIONAL FORMULATION
A. Basic equation

We consider a very large Hele-Shaw cell filled with a liquid
of viscosity y tilted against the horizontal plane with angle « (see
Fig. 1). Inside the liquid, there is a small air bubble that rises with
certain velocity U due to gravity. The gap distance dy of the Hele—
Shaw cell is assumed to be much smaller than the bubble size, and the
capillary length is \/y/pg (where p and y are the density and the sur-
face tension of the liquid, respectively). Therefore, the bubble takes
a pancake shape of thickness dy between the cell wall; the thickness
of the liquid film between the bubble and the plates is ignored.

We take the x—y coordinate in the plane of the Hele-Shaw cell,
with the y axis being in the horizontal plane. Let u(r) be the depth-
average 2D velocity of the fluid at point r, and u satisfies the Darcy
equation,

u =—k(Vp + pgsinaey), (1)
2
where k = 1{170/4’ p is the pressure, and ey is the unit vector along the x
axis. The velocity u satisfies the incompressible condition,

V- -u=0. (2)
Equations (1) and (2) give the Laplace equation for p,
v’p=0. (3)

Therefore, u is obtained if the boundary condition for p is known.

Park and Homsy'’ conducted asymptotic analysis for the prob-
lem and derived the following effective boundary condition for the
pressure p (see also Ref. 24):

FIG. 1. A bubble in a Hele-Shaw cell.
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. _%(1 +BCal + ) - WYS)(% + o(Cai”)), (4)

[u] = O(Caf,/3). 5)

Here, Ca, = #lun is the capillary number defined for the normal
velocity u, = u-n at the boundary of the bubble, R(s) is the local
radius of the curvature of the bubble, and f§ is a numerical constant
that is equal to 3.8 when the interface is locally advancing (1, > 0)
and equal to —1.9 when the interface is receding (4, < 0). [u] is the
difference between the velocity u, and the moving velocity of the
bubble boundary. Introducing the velocity U* = y/y, the capillary
number Ca,, is written as

(6)

When Ca,, is small, we can consider the leading order only, and
Eq. (4) becomes

2y 2/3 y m
p=-5 (1+pcal’) - 57 @)

[u] =o0. (8)

Here, we have kept the term %Caﬁ/ 3 since Ca2/’ /do may be compa-
rable with 1/R(s) when do/R(s) is small. Furthermore, the constant
% in Eq. (7) can be ignored by shifting p by a constant. Therefore,
we finally have the following boundary condition:

p=-2pcal - 27 ©)
&

R(s) 4"

The other boundary condition far from the bubble is obtained from
the condition that there is no flow,

for || = oo, p — —pgxsina. (10)
Equation (3) and the boundary conditions (9) and (10) compose the
basic equations for the rising bubble problem in the Hele-Shaw cell.

B. Variational formulation

The basic equations described above can be derived from a vari-
ational principle similar to the Onsager variational principle.”” We
define a functional called Rayleighian R[u(r) ], which is a functional
of the velocity field u(r). R[u(r)] is chosen in such a way that the
minimum condition of the functional gives the same set of equa-
tions given in Subsection I A. The Rayleighian R[u(r)] consists of
two parts: one is the energy dissipation part ®[u(r)], which is related
to the energy dissipation (or entropy production) created in the sys-
tem when the viscous fluid is flowing with the velocity u(r), and the
other part is related to the free energy change rate A[u(r)] when the
fluid elements are moving with the velocity u(r),

Rlu(r)] = O[u(r)] + Alu(r)]. ()

In the present problem, the functional of the dissipation
®[u(r)] is given by the sum of two integrals,

scitation.org/journal/phf

O[u(r)] = Opup[u(r)] + Opremn[u(r)], (12)
where
DQpur[u(r)] = % fﬂ o’ dxdy (13)

stands for the energy dissipation in the bulk and

*\1/3
Do [u(r)] = w /(;Qﬂ(un)uiﬁds (14)

stands for the extra energy dissipation due to the motion of the
perimeter. In Eq. (13), Q° denotes the 2D region in the Hele-Shaw
cell occupied by the liquid and OQ) denotes the inner boundary of Q°.
The function B(u,) takes the value of §; = 3.8 when u, > 0 and the
value of 8, = —1.9 when u, < 0. We shall call @, bulk dissipation
and @y, Bretherton dissipation. A detailed discussion on Eq. (14)
is given in Appendix A.

The free energy of the system is given by the sum of the
gravitational energy and the surface energy,

. nydo f
A= — . 1
_/QC pgdox sin adxdy + 1 oo ds (15)
A is given by the time derivative of A, which is calculated as
A= pgdo sina ‘/QC u - exdxdy + ﬂ);do o0 unxds, (16)

where x = ﬁ is the local curvature of the boundary 0€Q).

We minimize the Rayleighian with respect to u under the
constraint V-u = 0, introduce a Lagrangian multiplier dop, and
denote

Ry=R—dy f PV - udxdy. (17)
QC

By integration by parts (noting that n points into Q°),

RP:R+do/ punds+dof U~ Vpdxdy,
oQ Q¢

One can easily verify that the Euler-Lagrange equation of the func-
tional R, gives Eq. (1) and the boundary condition (9) in Subsec-
tion IT A.

The above variational formula is similar to that of the standard
Onsager principle.”” > The only difference is that the dissipation
function is not a quadratic form with respect to u. This is due to the
non-quadratic term on the boundary 0Q arising from the Brether-
ton energy dissipation. In the following, we will use the variational
formula as an approximation tool to study the shape changes of the
rising bubble in the Hele-Shaw cell.

lll. DERIVATIONS OF A REDUCED MODEL
FOR A RISING BUBBLE

A. Ansatz of the problem

To analyze the shape changes of the bubble, we assume that
the bubble is elliptic as shown in Fig. 1. It has been shown both
theoretically' and experimentally’ that the elliptic shape is a good
approximation when the deviation from the circular shape is small.
The radii of the ellipse in x and y directions are a and b, respec-
tively. The vertical velocity of the center of the bubble is U. Since the
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volume Vy of the bubble is estimated to be mabd, (where the volume
of the liquid between the gas and the wall and that in the perimeter
region are ignored) and is constant, b is given by
Vo
ﬂdoa ’

Hence, there are two parameters to be determined, a and U. In the
following, we will use the variational principle to derive a reduced
dynamic model for them.

B. Free energy

The free energy of the system consists of the interface energy
and the gravitational energy. The interface energy is given by

doL
Aguy = 2myab + nyzo , (18)

where L is the 2D contour length of the boundary of the ellipse. Since
mab = Vy/dy is constant, the time derivative of Aguf is calculated as

Auf = mydo (19)
Using the approximation L » 71(3 (a + b) - \/ab), we have
. 3%yd, b
Agyr = 1--)a. 2
surf 4 ( a)a (20)

The gravitational energy is given by Agaw = —pgXsinaVy,
where X is the x coordinate of the center of mass of the bubble. Since
X = U, the time derivative of the gravitational energy is written as

Ag,,w = —pgVoUsina. (21)

Therefore, A = Agmv + Asurf is given by

d
=—pgVoUsina + y 0 ( g)a. (22)

C. Energy dissipation functions

The energy dissipation can also be expressed in terms of a and
U.If aand U are given, the velocity field u(r) is calculated, and there-
fore, the functional ®[u(r)] can be written as a function ®(4, U). The
function ®(a, U) is equal to the minimum value of the functional
®[u(r)] for the given boundary condition at €.

1. Bulk dissipation

If the origin of the coordinate system is taken at the center of
the bubble, the boundary of the bubble is written as

x=acosf, y=bsinh, 0¢e(0,2n].
The corresponding outer normal direction is given by
1
b2 cos? 0 + a sin’ 6

When the center is moving at velocity U and a is changing at rate 4,
the normal velocity of the boundary u, = u- n is calculated as

un = Ufi(a/b,0) + af2(a/b,0),

(bcosB,asinb).

scitation.org/journal/phf

where
b.0) = cos 0 ’ 23
Silaft.6) \/cos? 0 + (a/b)?sin® 0 =
b) - cos 26 . 24
fa(af%.6) \/cos? 0+ (a/b)? sin® O 24

If the velocity u, at the boundary is given, the velocity field u(r) in
the bulk is given by u = —(1/k)Vp, where p is the solution of the
Laplace equation (3) satisfying the boundary condition nVp = —ku,
at 0Q° and Vp — 0 at infinitely far from the bubble. The solution of
this equation is written as

p(w)*ﬂ l(x y)+ k' wz(f,l), (25)

o To o To

where y; (i = 1, 2) is the solution of the following dimensionless
equation:

~Ayi =0 in O,
Vi -0 = fi(a/b,8) ondQ, (26)
Vyi-ii— 0 as [#| — oo.

Here, the radius 7o = \/ab is taken to be the unit of length, and the
domain OF is defined by O := {(x/ro,y/r0)|(x, y) € Q°}.

Therefore, the energy dissipation function in the bulk region is
computed as

6 . 6 . A
Dy = H f (kVp)zdxdy - / |roUVyn + roaVV/z\zdxdy
do Q° do Qc

61”0 (k11 U + 2k12 Ua+ kzza ) (27)

where

ki = fQ Vi Vyydids. (28)

By integration by parts, the coefficients k; can be written as

ki = fa | vifi(a/b.B)ds. (29)

For an elliptic bubble, the Laplace equation (26) can be solved
analytically and k;; is calculated analytically (see Appendix B),

kay = ﬂ—b (30)

b
ki = —,
. a 2a

ki =0,

It is important to note that k» is zero. This implies that there is
no term that couples the translational motion and the shape change
in the bulk dissipation ®@y,. In other words, the bubble remains cir-
cular if the Bretherton dissipation ®p,., is not considered. The fact
that k12 becomes zero for the ellipse can be shown by the symmetry
argument. Since the elliptic bubble is symmetric with respect to the

y axis, the dissipation function must be even with respect to U, i.e.,
(Dbulk(aa U) = (Dbulk(t:l, - U). This gives klz =0.
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2. Bretherton dissipation where we have introduced two dimensionless coefficients,

Given uy, the Bretherton dissipation can be calculated straight-

. 2n
forwardly by Eq. (14), kiy = f BOIf \5/3\/(b/r0)2 cos? 0+ (afro)?sin? 6d6,  (37)
0

6 Un E
(DBreth = ?‘u ‘/Bgﬁ(un)uzl(myl) d
2/3 1/3 TARE

A O o
Since ry = \/%, ki1 and ki depend on the ratio b/a only. We call
+f2a|5/3 \/( b/r0)? cos? 8+ (a/ro)? sin? 6d6. (1) this ratio the shape parameter and denote it by S,

k12*[ B(0) =17 ffz (h/ro)zc0526+(a/ro)zsinZGdG. (38)

b
S=-. (39)
D. Evolution equation a
Given @ = Oy + Oprery and A = Agmv + Asmf as functions of a Figure 2 shows ki1 and k12 as a function of S. When S changes from
and U, the time evolution of the bubble is given by 0.5 to 2, k;; changes significantly, while ki, remains almost constant
8CD 94 8(D 94 i o) (changes from 0.85 to 1.1).
ou Tou " 9a Taa

This gives the following equation for U and a: IV. RESULTS AND DISCUSSIONS

A. Rising velocity
12Wok U+2y2/3 1/3b/ (6 )(flU+f2a)f1

d iU + fad' /2 We first discuss the rising velocity of the bubble. The rising
velocity is determined by the balance of two forces, the gravity and
% \/ cos? 0+ (a/b)? sin 60 = pgVy sin a (33) the frictional force. The gravity is expressed by the dimensionless
number Bo, called Bond number,
12!”3 . 2/3 1/3 [ (AU + fa)fs pgré sin «
7}( +2 b B a = . 40
o Kmat2u B(6 )[fU+f2a|1/3 0 . (40)

. 3 ydo b This represents the effect of the inclination angle of the cell. The
2 2 qin2 2y, P g
X \/COS 0+ (afb)? sin” 6d6 4 (1 a ) (34) frictional force is determined by the left-hand side of Eq. (35).

This equation can be solved for a and U, and it determines the time Equations (35) and (36) can be rewritten in a dimensionless

evolution of the bubble shape. form as 5 s
If we are interested only in the steady state of the bubble, we 12r;S U + zﬁ ];11( U ) / - Bo (41)
- o>
have a = 0. Then, Egs. (33) and (34) are simplified to dﬁ U*  ndo U*
12[ur2 -
p 0 k11U+2y2/3y1/3r0U2/3k11 = pgVosina, (35) 819 i ( U )2/3 _1-s (42)
0 3m2dy C\U* :
2“42/3),1/3 Uk = - 3’ ydo (1 _ 9) (36) where U™ = y/p. If we ignore the k11 term (the Bretherton term) in
4 al’ Eq. (41), the velocity is given by
15 1.3
1.2
lé 10 FIG. 2. Dependence of the coefficients
ki1 and ki, on the shape parameter
S = bla.
5
0.5 1 15 2
b/a
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0.045
—— do/’r‘o =0.1
'
0.04] : —e—dg/79=0.05
1
1 —8— do/T[) = 0.02
0.035 . U pgdlsina
;s TS T 12y
0.03+ - T pgd;‘;siuu
' U* — T 127S

UjU*

150 200 250 300 350
mpgrisina/y

0 50 100

FIG. 3. The relation between the rising velocity and the gravitational force of a
bubble in a Hele-Shaw cell. The solid line is the result of the present theory. The
dashed-dotted line is the result of Taylor and Saffman theory for the circular bubble
[Eq. (44)]. The dotted line is their result for the elliptic bubble [Eq. (43)] where the
shape parameter S is calculated by Eq. (42).

B B dipg sin

u=U" =
12128 % 1248

(43)

This is exactly the velocity for a small elliptic bubble given by Taylor
and Saffman.’ There, they did not consider the Bretherton term and
S can be chosen freely. If the bubble is circular, the rising velocity
becomes
dipg sin «
2p
Figure 3 shows the velocity plotted against the Bond number.
The solid lines indicate the velocity calculated by solving Egs. (35)
and (36), and the dotted and the dashed lines indicate the velocity

Ucircle = (44)

ARTICLE scitation.org/journal/phf

calculated by Eqgs. (43) and (44), respectively. It is seen that the sim-
ple circular model gives a reasonable estimate for the rising velocity.
The difference between the solid line and the dashed line represents
the effect of shape parameter. As we shall show in the following, the
rising bubble becomes flattened (S > 1), and therefore, the rising
velocity becomes smaller than that of the circular bubble. The differ-
ence between the dotted line and the solid line represents the effect
of Bretherton dissipation. This term slows down the rising velocity.

The effect of Bretherton dissipation on the rising velocity was
considered by Eck and Siekmann.” They obtained an expression for
the rising velocity of a circular bubble similar to Eq. (41),

+\1/3 2 .
34508 B (U _ pgdusine (45)
2ro\ U 4uU

For the circular bubble, Eq. (41) gives the following result [with the
use oficu(l) ~ 9.59]:

* 1/3 2 .
do (U7) _ pgdy sin a (46)

3+4+3.05—
2?‘0 U 4‘MU

The difference between Eqs. (45) and (46) are only in coefficients.
They come from the difference in the estimation of the extra energy
dissipation at the perimeter: Eck and Siekmann used the analysis of
Fritz,” while we used the Park-Homsy boundary condition. These
results are compared in Fig. 4 together with the experimental data
obtained by Eck and Siekmann.” [Note that in the parameter range
shown in Fig. 4, our result can be safely represented by the circu-
lar bubble since the capillary number U/U* is less than 107> (see
Fig. 3).] Both results are in good agreement with experiments, but
Eq. (46) is closer to the experimental data, indicating that the Park—
Homsy boundary condition (or Bretherton’s analysis) is closer to
reality.

B. Shape of the rising bubble

Figure 5 shows how the shape parameter S = b/a changes with
the Bond number Bo,. The shape parameter S is equal to 1 when

0T In5.28 + ;Inz o
13.05 4+ ;In
[ L4 “
™ * A
(] . . .
gl o a4 AD n FIG. 4. Comparison between theories and experiment. The
2l o Aax dotted line is the result of Eck and Siekmann [Eq. (45)],
eSS Lo o2 and the solid line is our result [Eq. (46)]. The marks are
2 e T experimental data from Ref. 7 (Fluid 1: 60% isopropanol,
—_ [ ] , Ty = . N = 1.5m . . .
s wid L, 70 = [T.dmim, dy = 1.5mm X : - 70% 18% 2%
! ! 40% water; Fluid 2: 70% glycerine, 18% isopropanol, 12%
=S ® P's| x Fluid 1, 7o = 21.5mm,do= 1.5mm
- A e e, A A Fluid 1, ro = 28.2mm, dg = 1.5mm water).
*g 49°0 O O Fluid 1, rg=30mm, dy = 2mm
0g @00, 0 4, © A Fluid 1, 7o = 38mm, dy = 2mm
* g axx AN O Fluid 2, ro = 20.5mm, do = 1.5mm
° i ¥ Fluid 2, ro= 34mm, do = 2mm
S e Equ. (50a) in Eck&Sickmann[7]
Equ. (45) in this paper
1
10 L L L
10° 10* 10°
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—%—do/ro=0.1
16 —e—d[)/T[):0.05
—B—do/ro = 0.02

Yo 50 100 150 200 250 300 350
mpgrisina/y

FIG. 5. The relation between the shape parameter S = b/a and the gravitational

force.

Bog = 0. As the bubble starts to rise, S becomes larger than 1, so the

bubble is flattened. It is important to note that this shape change is
due to the Bretherton dissipation. If the Bretherton dissipation is not
considered, the circular bubble will rise keeping the circular shape,
as it was discussed previously.”” The difference of the Bretherton
dissipation in the advancing side and the receding side breaks the
symmetry of the circular shape and causes the deformation of the
bubble.

Figure 5 shows that the shape change is larger in the thick cell
than in the thin cell. This is because the Bretherton effects become
more significant in a thicker Hele-Shaw cell.

Figure 6 shows the shape parameter plotted against the rising
velocity U/U”. The dashed line in Fig. 6 represents the following

+d0/7’0 =0.1
—e—do/To = 0.05
—=—-dy/ro=0.02
--- 8 =1+40.2975 ()3

1 ‘ ‘ ‘ ‘ :
0 0.005 0.01 0.015 0.02 0.025 0.03
UjU*

FIG. 6. The relation between the shape parameter S = b/a and the rising velocity
UIU* of the bubble. The dashed line represents Eq. (47).

simple equation:

U )2/3

s:1+0,297L°.(
4 \U*

0

(47)

This equation is obtained from Eq. (36) by putting k1, equal to 1.1,
the asymptotic value of k;, for large S (see Fig. 2). Figure 6 shows
that this simple relation reproduces the numerical results quite well.

C. Effect of the bubble size
We now study how the bubble size affects the rising velocity

m

and its shape changes in a vertical cell (« = 7). We take the capillary

length I = \/y/pg as a reference length unit. For the given thick-
ness of the Hele-Shaw cell, we change the bubble size r and solved
Egs. (35) and (36). The results are shown in Figs. 7 and 8.

Figure 7 shows the rising velocity U plotted against the bubble
size ro for thick (do/¢ = 0.4) and thin (do/£ = 0.2) cells. It is seen that
large bubbles rise with the velocity independent of their size. This is
because the gravitational force and the frictional force are both pro-
portional to the volume of the bubble in the Hele-Shaw cell. The
effect can be seen in the simple model [Eq. (44)]. Small bubbles rise
with size-dependent velocity, which is smaller than the asymptotic
value. This is due to the Bretherton dissipation: the Bretherton dis-
sipation is proportional to the length of the perimeter and becomes
significant for smaller bubbles.

A careful inspection of Fig. 7 indicates that the rising veloc-
ity shows a small maximum as a function of ro. The maxi-
mum arises from the two competing effects: as the bubble size
increases, the effect of Bretherton dissipation decreases, while the
effect of bulk dissipation increases due to the flattening of the
bubble.

Figure 8 shows the shape parameter S = b/a plotted against ro/L.
It is seen that S increases linearly with ro and decreases with the
increase in dy. Such behavior can be understood from Eq. (47).
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—4—do/l =0.2
—-o-dy/l =0.4

0.014

0.012

0.006 -

0.004 I/'/./t’*
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0.002 . . . . . . . )
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FIG. 7. The relation between the rising velocity and the bubble size.

3
*
3

Phys. Fluids 32, 092102 (2020); doi: 10.1063/5.0016080
Published under license by AIP Publishing

32,092102-7


https://scitation.org/journal/phf

Physics of Fluids ARTICLE

1.45-

14k —*—do/l =0.2
—o—dy/l =0.4

5
To/l

FIG. 8. The relation between the shape parameter S = b/a and the bubble size.

V. CONCLUSIONS

By using a variational principle, we have derived a simple evolu-
tion equation for the shape change of a rising bubble in an infinitely
large Hele-Shaw cell. This equation explains the flattening of a ris-
ing bubble observed in experiments.”* Our analysis shows that the
Bretherton dissipation is essential for the flattening. Without this
term, the bubble would take a circular shape. We gave a quantita-
tive prediction about the shape change and velocity of the bubble.
They can be checked experimentally.

In the present analysis, we have ignored the effect of the side
boundary of a Hele-Shaw cell. If the size of the Hele-Shaw cell is
not large, the boundary effect makes the bubble elongated.”*”** The
competition of the Bretherton effect and the boundary effect should
be the reason for the complex shape changes of the bubble in a Hele-
Shaw cell. Indeed, Kopf-Sill and Homsy showed that the flattening
occurs only for bubbles relatively small compared with the Hele—
Shaw cell.® Larger bubbles, on the other hand, are elongated.s More
theoretical work is needed to quantify how the two effects together
affect the shape change of an air bubble. This will be left for future
work.
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APPENDIX A: THE BRETHERTON ENERGY
DISSIPATIONS

In this subsection, we aim to compute the viscous energy dis-
sipation in the vicinity of the boundary of a moving bubble in a

scitation.org/journal/phf

Hele-Shaw cell. Since the dissipation is related to the classical analy-
sis in Bretherton’s paper,'” we call it a Bretherton energy dissipation
term. We consider a two-dimensional problem. It is a long two-
dimensional bubble in a channel between two solid boundaries, as
shown in Fig. 9. The computations below are based on the previous
analysis in Refs. 17 and 19.

We analyze this problem by a generalized force balance argu-
ment. Suppose the fluid pressure in the left-hand side is P, and that
in the right-hand side is P;. We assume that the bubble moves in the
right direction. If the bubble moves for a short distance, the liquid
in the left part changes with a volume V, and that in the right part
changes with a volume V. Assume that the air bubble is incom-
pressible, then we have V; = V5. The free energy changes in this
process are given by —(P,V, — P V). If the bubble moves with a
velocity U, the energy changing rate is given by

A=—(P,-Py)doU.

Here, dp is the thickness of the channel. Then, the driven force
is given by (P, — P1)do. We assume that the energy dissipation
function, which is half of the energy dissipation rate, is given by

1
O = ~EU-.
S

By the Onsager principle, the driven force is balanced by the friction
force,

EU = (P, - Py)do. (A1)
By the previous analysis in Ref. 19, we have the jump condition for
pressures,

v 2/3
P—P1~d0/2(1+[31(Cu) ),

y , (A2)
P-Py~ ——(1-Ba(Ca)*?),

2 s (1-B(C)™)

where P is the pressure in the bubble, C, = 4 U/y is the capillary num-
ber, y is the surface tension, y is the viscosity of the fluid, dy is the
distance between the two boundaries of the channel, and §; ~ 3.8
and f3, ~ 1.9 are two positive constants. We then have

23
2 2y (U

Pz—P1w(ﬁ1+ﬁz);C§/3=(ﬁ1+ﬁz);(%) :
0 0

Combining it with Eq. (A1), we have
5
s=3 E=2p+p)y

This gives a non-quadratic formula for the viscous energy dissipa-
tion in the vicinity of the bubble,

= %EUS/S = 76(ﬂ1;ﬁ2)#(U*)‘/3U5/3, (A3)

FIG. 9. A bubble between two plates.
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where U* = y/n. The above analysis can also be done separately
for the head and tail parts. Then, we obtain the Bretherton energy
dissipation terms

6 * *
Djoad = %#(U ) PUT 5 456 u(U) U, (Ag)

6, * *
Dyt = %y(U ) PU w228u(UN)PUY, (a5)

where we denote by ®y,,; and @y, the dissipation terms in the head
and tail parts, respectively.

APPENDIX B: SOLUTION OF THE LAPLACE EQUATION
IN AN INFINITE DOMAIN

When ry <« L, the boundary effect of the Hele-Shaw cell can be
ignored. In this case, the Laplace equation in Sec. I1I can be solved
analytically. We suppose QO° = R? \ (). Then, for i = 1, 2, we need to

solve
-Ay;i=0 inR*\ 0,
-y, = fi(a/b, 0) on 9, (B1)
yi — const., |r| goes to infinity.

The equation can be solved by a harmonic mapping method when
Q is elliptic.

Introduce a harmonic mapping in the complex plane that maps
a circle with radius R = & + b to the ellipse Q with radii @ = a/ro and

J

Then, we could compute the coefficients k;; as

scitation.org/journal/phf

B: b/ro,

2= F() - %(u%) (B2)

where &2 = & — b*. Here, we choose the coordinate so that the radius
d is in the x direction. Its inverse mapping is given by { = F '(z)
= z + Vz? — ¢%. The Laplace equation in an infinite domain outside
a circular can be solved explicitly. Actually, if a harmonic function ¢
outside a circle satisfies a Neumann boundary condition V¢-n =g
on the circle |¢| = R, then it can be computed from its boundary data

as

1
60 = [y g0t (83)

for all { in the infinite domain. Using this formula, we could obtain
the solution for y; as follows: If we have 0,y; = f; in 0,4, after the
mapping, we have a harmonic function ¢;({) = y;(F() outside a
V2 cos? B+a2sin? Bz o a7

% ﬂ( g 9) ,

circle. Direct computations give 9,¢;({) =

where { = Reié. Using Eq. (B3), we obtain
yi(z) = ¢i(7e”)
: f fi(afb,B)In ———

|R619 et(pl
b2 cos? B + 42 sin2 Bdb, (B4)

where (7¢") = F'z.

e N i0 12 2 AD i 2
ki = fﬂfi(s)t//j(s)ds: f fi(a/b,0)¢;(Re”)V b2 cos? 0 + a* sin” 66

f fi(a/b, e)f £i(a/b,®)In ———

|R i0 _
1

\/b2 cos? 0 + 42 sin? 0619\/b2 cos? 0 + 42 sin” 8d0

\/i)2 cos? 0 + &2 sin? édé\/l;z cos? 0 + a2 sin” 640

:%foz"ﬁ(a/i;,e)fohﬁ(a/é,é)ln

1

(cos 8 — cos B)2 + (sin 6 — sin )2

=L a0y s By

Direct computations give

l;z 21 27 - 1 ~
ki =— cos(0) cos(0) In dodo
mJo /0 2(1 - cos(6 - 8))

= 7 cos(8) cos(d
f f () cosO)n 2[sin((0-0)/2)] n((9 9)/2)|
b N

2n 2n N
=— cos(6) f cos(0+0)In ————dbdo
T Jo 0 2|sin(6/2)|

2(1 - cos(6 - 9))

Vb2 cos? B + a2 sin? BV b cos? 6 + &2 sin? 0dd6.

12
= v " cos (9)d9/ cos(8)In ——————
n Jo 2|s1n(6/2)|
BZ
-— cos(6) sm(G)dO/ sin(0)In —————
m Jo 2\s1n(0/2)\
12 2
= v m-m+0= ﬂl; >
"o

where we have used integration by parts for the term

Phys. Fluids 32, 092102 (2020); doi: 10.1063/5.0016080
Published under license by AIP Publishing

32,092102-9


https://scitation.org/journal/phf

Physics of Fluids

2 N » ” A 1 A
[0 cos(6) In dG—Z/O cos(6)In md@—n

Similarly, we can obtain

-
2| sin(8/2)|

b’
kiz =0, ko= —.
21y
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